The energy of a free gas of neutrons and protons is well known to be approximately isospin parabolic with a negligibly small quartic term of only 0.45 MeV at the saturation density of nuclear matter ρ0 = 0.16/fm 3 . Using an isospin-dependent single-nucleon momentum distribution including a high (low) momentum tail (depletion) with its shape parameters constrained by recent high-energy electron scattering and medium-energy nuclear photodisintegration experiments as well as the stateof-the-art calculations of the deuteron wave function and the equation of state of pure neutron matter near the unitary limit within several modern microscopic many-body theories, we show for the first time that the kinetic energy of interacting nucleons in neutron-rich nucleonic matter has a significant quartic term of 7.18 ± 2.52 MeV. Such a large quartic term has significant ramifications in determining the equation of state of neutron-rich nucleonic matter using both terrestrial and astrophysical observables. Introduction: To determine the equation of state (EoS) of isospin-asymmetric nuclear matter (ANM) has been a longstanding goal shared by both nuclear physics and astrophysics [1] . Usually one uses the so-called empirical parabolic law for the energy per nucleon, i.e., E(ρ, δ) = E 0 (ρ) + E sym (ρ)δ 2 + O(δ 4 ) where ρ = ρ n + ρ p and δ = (ρ n −ρ p )/ρ are the nucleon density and isospin asymmetry of the system in terms of the neutron and proton densities ρ n and ρ p , respectively. The isospin quadratics of the ANM EoS has been verified to high accuracies from symmetric (δ = 0) up to pure neutron (δ = 1) matter by most of the available nuclear many-body theories using various interactions, see, e.g., ref.
The energy of a free gas of neutrons and protons is well known to be approximately isospin parabolic with a negligibly small quartic term of only 0.45 MeV at the saturation density of nuclear matter ρ0 = 0.16/fm 3 . Using an isospin-dependent single-nucleon momentum distribution including a high (low) momentum tail (depletion) with its shape parameters constrained by recent high-energy electron scattering and medium-energy nuclear photodisintegration experiments as well as the stateof-the-art calculations of the deuteron wave function and the equation of state of pure neutron matter near the unitary limit within several modern microscopic many-body theories, we show for the first time that the kinetic energy of interacting nucleons in neutron-rich nucleonic matter has a significant quartic term of 7.18 ± 2.52 MeV. Such a large quartic term has significant ramifications in determining the equation of state of neutron-rich nucleonic matter using both terrestrial and astrophysical observables. Introduction: To determine the equation of state (EoS) of isospin-asymmetric nuclear matter (ANM) has been a longstanding goal shared by both nuclear physics and astrophysics [1] . Usually one uses the so-called empirical parabolic law for the energy per nucleon, i.e., E(ρ, δ) = E 0 (ρ) + E sym (ρ)δ 2 + O(δ 4 ) where ρ = ρ n + ρ p and δ = (ρ n −ρ p )/ρ are the nucleon density and isospin asymmetry of the system in terms of the neutron and proton densities ρ n and ρ p , respectively. The isospin quadratics of the ANM EoS has been verified to high accuracies from symmetric (δ = 0) up to pure neutron (δ = 1) matter by most of the available nuclear many-body theories using various interactions, see, e.g., ref. [2] . Nevertheless, it has been shown consistently in a number of studies that for some physical quantities relevant for understanding properties of neutron stars, such as the proton fraction at β equilibrium, core-crust transition density and the critical density for the direct URCA process to happen, even a very small coefficient E sym,4 (ρ) of the isospin quartic term in the EoS can make a big difference [3] .
Here we concentrate on examining the isospin quadratics of the kinetic EoS. For many purposes in both nuclear physics and astrophysics, such as simulating heavy-ion collisions [4] and determining critical formation densities of different charge states of ∆ resonances in neutron stars [5] , one has to know separately the kinetic and potential parts of the EoS. While neither any fundamental physical principle nor the empirical parabolic law of the EoS requires the kinetic and potential parts of the EoS to be quadratic in δ individually, in practice especially in most phenomenological models the free Fermi gas (FFG) EoS is often used for the kinetic part and then the generally less known potential EoS is explored by comparing model predictions with experimental data. It is well known that the FFG model predicts a kinetic symmetry * Corresponding author: Bao-An.Li@tamuc.edu 3 . However, nuclear interactions, in particular the short-range repulsive core and tensor force, lead to a high (low) momentum tail (depletion) in the single-nucleon momentum distribution above (below) the nucleon Fermi surfaces [6] [7] [8] . Much progress has been made recently both theoretically and experimentally in quantifying especially the nucleon high momentum tails (HMT) in ANM, see, e.g., refs. [9] [10] [11] [12] . In this work, using isospin-dependent nucleon HMT constrained by recent high-energy electron scattering and medium-energy nuclear photodisintegration experiments as well as the state-of-the-art calculations of the deuteron wave function and the EoS of pure neutron matter (PNM) near the unitary limit within several modern microscopic many-body theories, we show that the kinetic ANM EoS has a significant quartic term of E near the Fermi surface. The amplitude C J and cutoff coefficient φ J determine the fraction of nucleons in the HMT via
The normalization condition [2/(2π
3 /3π 2 requires that only three of the four parameters, i.e., β J , C J , φ J and ∆ J , are independent. Here we choose the first three as independent and determine the ∆ J from
(3) Hinted by the finding within the Brueckner-HartreeFock (BHF) theory that the depletion ∆ J has an almost linear dependence on δ in the opposite directions for neutrons and protons [17] , we expand all four parameters in the form
would obtain a linear term in δ of the form
where M is the nucleon mass. To ensure that the E kin 1 (ρ) vanishes as required by the neutron-porotn exchange symmetry of the EoS, we require that ∆
Constraining the parameters of the single-nucleon momentum distribution: It is well known that the nucleon HMT from deuteron to infinite nuclear matter scales, see, e.g., refs. [18] [19] [20] , leading to constant per nucleon inclusive (e, e ′ ) cross sections for heavy nuclei with respect to deuteron for the Bjorken scaling parameter x B between about 1.5 and 1.9, see, e.g., ref. [23] for a recent review. Systematic analyses of these inclusive experiments and data from exclusive two-nucleon knockout reactions induced by high-energy electrons or protons have firmly established that the HMT fraction in symmetric nuclear matter (SNM) is about x HMT SNM = 28% ± 4% and that in PNM is about x HMT PNM = 1.5% ± 0.5% [10] [11] [12] 24] .
The C/|k| 4 shape of the HMT for both SNM and PNM is strongly supported by recent findings theoretically and experimentally. The HMT for deuteron from variational many-body calculations using several modern nuclear forces decrease as |k| −4 within about 10% and in quantitative agreement with that from analyzing the d(e, e ′ p) cross section in directions where final state interaction suffered by the knocked-out proton is small [10] . The extracted magnitude C SNM = C 0 of the HMT in SNM at ρ 0 is C 0 ≈ 0.15 ± 0.03 [10] (properly rescaled considering the factor of 2 difference in the adopted normalizations of n k here and that in refs. [10, 24] ). Rather remarkably, a very recent evaluation of medium-energy photonuclear absorption cross sections has also presented clear and independent evidence for the C/|k| 4 behavior of the HMT and extracted a value of C 0 ≈ 0.172 ± 0.007 [9] for SNM at ρ 0 in very good agreement with that found in ref. [10] . In the following, we use C 0 ≈ 0.161 ± 0.015 from taking the average of the above two constraints. With this C 0 and the value of x HMT SNM given earlier, the HMT cutoff parameter in SNM is determined to be
Very interestingly, the 1/|k| 4 behavior of the HMT nucleons is identical to that in two-component (spin-up and -down) cold fermionic atoms first predicted by Tan [25] and then quickly verified experimentally [26] . Tan's general prediction is for all two-component fermion systems having an s-wave contact interaction with a scattering length a much larger than the inter-particle distance d which has to be much longer than the interaction range r e . At the unitary limit when |k F a| → ∞, Tan's prediction is universal for all fermion systems. Since the HMT in nuclei and SNM is known to be dominated by the tensor force induced D-wave neutron-proton pairs with the a ≈ 5.4 fm and d ≈ 1.8 fm at ρ 0 , as noted in refs. [9, 10 ], Tan's stringent conditions for unitary fermions is obviously not satisfied in normal nuclei and SNM. The observed identical 1/|k| 4 behavior of the HMT in nuclei and cold atoms may have some deeper physical reasons deserving further investigations. On the other hand, because of the unnaturally large neutron-neutron scattering length a nn ( 1 S 0 ) = −18.8 fm, it is known that PNM is closer to the unitary limit [27] . The EoS of PNM can thus be expanded as [28] 
where k PNM F = 2 1/3 k F is the transition momentum in PNM, ξ ≈ 0.4 ± 0.1 is the Bertsch parameter [29] , ζ ≈ ν ≈ 1 are two universal constants [30] . Gezerlis, et al.
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Gezerlis, et al. [33, 34] (magenta band and purple stars), and effective field theory [27] . Fig. 2 is a comparison of the EoS of PNM obtained from Eq. (6) (dashed red band) with several stateof-the-art calculations using modern microscopic manybody theories. At densities less than about 0.01 fm −3 , as shown in the inset, the Eq. (6) is consistent with the prediction by the effective field theory [27] . In the range of 0.01 fm −3 to about 0.02 fm −3 , it has some deviations from predictions in ref. [27] but agrees very well with the NLO lattice simulations [31] . At higher densities up to about ρ 0 , it overlaps largely with predictions by the chiral perturbation theories [32] and the quantum Monte Carlo simulations [33, 34] . Overall, these comparisons clearly justify the use of Eq. (6) to calculate the PNM EoS up to about ρ 0 . Then, applying Tan's adiabatic sweep theorem [25] 
Shown in
we obtain C PNM n ≈ 2ζ/5π + 4ν/(3πk Subsequently, using the φ 0 determined earlier, we get φ 1 = −0.56 ± 0.10.
The two parameters β 0 and β 1 in β J = β 0 (1 + β 1 τ J 3 δ) depend on the function I(|k|/k J F ) which is still model dependent. To minimize the model assumptions and evaluate the dominating terms in the kinetic EoS, in the following we shall first use a momentum-independent depletion of the Fermi sea as in most studies in the literature. The HMT parameters C J and φ J evaluated above remain the same. Then, we examine the maximum correction to each term in the kinetic EoS by using the largest values of β 0 and β 1 allowed and a typical function I(|k|/k J F ). Not surprisingly, the corrections are all small.
Isospin dependence of kinetic EoS of ANM:
The kinetic EoS can be expanded in δ as 
In the FFG where there is no HMT, φ 0 = 1, φ 1 = 0 and thus 5φ 0 +3/φ 0 −8 = 0, the above expressions reduce naturally to the well known results of
For the interacting nucleons in ANM with the momentum distribution and its parameters given earlier, we found that E kin 0 (ρ 0 ) = 40.45 ± 8.15 MeV, E kin sym (ρ 0 ) = −13.90 ± 11.54 MeV and E kin sym,4 (ρ 0 ) = 7.19 ± 2.52 MeV, respectively. Compared to the corresponding values for the FFG, it is seen that the isospin-dependent HMT enhances significantly the average kinetic energy E kin 0 (ρ 0 ) of SNM but lowers the kinetic symmetry energy E kin sym (ρ 0 ) of ANM to a negative value qualitatively consistent with findings of several recent studies of the kinetic EoS considering short-range nucleon-nucleon correlations using both phenomenological models and microscopic manybody theories [35] [36] [37] [38] [39] [40] . However, it was completely unknown before if the empirical isospin parabolic law is still valid for the kinetic EoS of ANM when the isospindependent HMTs are considered. Very surprisingly and interestingly, our calculations here show clearly that it is broken seriously. More quantitatively, the ratio |E kin sym,4 (ρ 0 )/E kin sym (ρ 0 )| is about 52% ± 26% that is much larger than the FFG value of 3.7%. We also found that the large quartic term is mainly due to the isospin dependence of the HMT cutoff described by the φ 1 parameter. For example, by artificially setting φ 1 = 0, we obtain E kin sym (ρ 0 ) = 14.68 ± 2.80 MeV and E kin sym,4 (ρ 0 ) = 1.12 ± 0.27 MeV which are all close to their FFG values.
Considering short-range nucleon-nucleon correlations but assuming that the isospin parabolic approximation is still valid, some previous studies have evaluated the kinetic symmetry energy E kin sym by taking the difference between the kinetic energies of PNM and SNM. This actually approximately equals to E kin sym (ρ 0 ) + E kin sym,4 (ρ 0 ) = −6.71 ± 9.11 MeV in our current work. This value is consistent quantitatively with the E kin sym (ρ 0 ) found in ref. [24] using the parabolic approximation.
Maximum corrections due to the momentum-dependent depletion of the Fermi sea: To estimate corrections due to the momentum dependence of the depletion very close to the Fermi surface, i.e., a finite β J , we consider a widely used single-nucleon momentum distribution parameterized in ref. [20] based on calculations using many-body theories. 2 . The constants in the parrameterization of ref. [20] are absorbed into our parameters ∆ J and β J . Then Eq. (3) gives us ∆ J = 1 − 3β J /5 − 3C J (1 − 1/φ J ). The depletion at zero momentum in SNM should always be less than unity, i.e., ∆ 0 < 1. This general requirement leads to the constraint β 0 > β
HMT SNM /3 (notice that the expression for x HMT SNM only depends on the form of the HMT). Quantitatively, we obtain β 0 −8/15 using the upper limit of x HMT SNM = 32%. The always decreasing population of the Fermi sea as |k| increases towards k F means that β 0 < 0. The allowed range for β is therefore −8/15 β 0 < 0. Similarly, the condition
Contributions from a finite β J to the first three terms of the kinetic EoS are
With β 0 = −8/15 we examine in Fig. 3 the maximum corrections to the E kin sym (ρ 0 ) and E kin sym,4 (ρ 0 ) as functions of β 1 in its full range allowed. In this case the maximum effects of the finite β J are revealed. It is seen that the correction on the E kin sym,4 (ρ 0 ) is negligible while the correction on the E kin sym (ρ 0 ) is less than 3 MeV. Considering the corrections due to the finite β 0 and β 1 and their uncertainties, we finally obtain E kin 0 (ρ 0 ) = 39.77 ± 8. 15 MeV, E kin sym (ρ 0 ) = −14.28 ± 11.60 MeV and E kin sym,4 (ρ 0 ) = 7.18 ± 2.52 MeV, respectively. In our work, the δ 6 term was also consistently evaluated and found to be negligibly small at ρ 0 . Conclusions: In conclusion, using an isospin-dependent single-nucleon momentum distribution including a high (low) momentum tail (depletion) with its shape parameters constrained by the latest results of several relevant experiments and the state-of-the-art predictions of modern microscopic many-body theories, we found for the first time that the kinetic EoS of interacting nucleons in ANM is not parabolic in isospin asymmetry. It has a significant quartic term of 7.18 ± 2.52 MeV while its quadratic term is −14.28 ± 11.60 MeV at saturation density of nuclear matter. These new findings have broad impacts in both nuclear physics and astrophysics.
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